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Abstract 
Call a commutative integral domain R with unity a non-D-ring if there exists a nonconstant 
polynomial f(n) over R such that f( ) . a IS a unit in R for all a in R. This paper is concerned 
with Prtifer non-D-rings which have a manic unit valued polynomial. First, we prove that the 
ideal class group of such a ring is torsion. Secondly, we show that such rings can be precisely 
characterized as intersections of non-D valuations domains which share a common manic unit 
valued polynomial. Finally, let R be a Priifer non-D-ring with a manic unit valued polynomial 
and with field of quotients K. Let W(R) be the set of all rational functions f(x) /g( x) in K(x) 
such that f(a) /g( a) is in R for all a in R. Also, for I an ideal of W(R) and a in R, let I( a) be 
the ideal of R formed by evaluating each element of I at a. We prove that if I and J are finitely 
generated ideals of W(R) such that Z(u) = J(u) for all a in R then I = J (i.e., W(R) has the 
strong Skolem property). 
1. Introduction 
All rings considered will be commutative integral domains with unity. The term ideal 
will refer to a nonzero, proper ideal. Following [ 51 and [ 61, we define a non-D-ring as 
follows: 
Definition 1.1. A ring R is a non-D-ring provided there is a nonconstant polynomial 
f(x) E R[x] such that f(a) E U(R) (the unit group of R) for every a E R. The 
polynomial f(x) will be called a uv (unit-valued) polynomial. 
Non-D-rings can be roughly characterized as rings in which the unit group is large 
and maximal ideals are sparse. The following theorem, which was proven in [6, Theo- 
rem 2.11, gives a characterization of the ideal structure of Dedekind non-D-rings. 
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Theorem 1.2. Let R be a Dedekind non-D-ring with f(x) E R[ x] being a manic uv- 
polynomial with degree n > 2 and let I be an ideal of R. Then I” is a principal ideal. 
In particular, Cl(R), the ideal class group of R, is a torsion group with exponent d 
where d is a positive integer dividing n. 0 
In Section 2, we will show that Theorem 1.2 can be extended to cover finitely 
generated ideals in all Prtifer non-D-rings which have manic uv-polynomials. 
In Section 3, we will apply the knowledge we gained in Section 2. Let R be a 
ring with field of fractions K. Define W(R) to be the ring of all rational functions 
$$ E K(x) such that $$ E R for all a E R. We will analyze the structure of W(R) 
in Section 3. We will be especially interested in considering W(R) in the case where R 
is a Priifer non-D-ring with a manic uv-polynomial. 
Note that a local ring with an algebraically closed residue field provides an example 
of a non-D-ring for which there does not exist a manic uv-polynomial. Other examples 
exist as well. However, in this paper we will focus primarily on those non-D-rings for 
which a manic uv-polynomial exists. 
2. Priifer non-D-rings 
In this section, we will analyze the structure of Prtifer non-D-rings. It is well known 
that if R is a Prtifer domain and P C R is a prime ideal then Rp is a valuation domain. 
Hence, any Prtifer domain R can be expressed in a very natural way as an intersection 
of valuation domains. We begin then by asking what can be said about these valuation 
domains in the case where R is Priifer and non-D. 
Proposition 2.1. Let R be a Prtifer non-D-ring, let f(x) E R[x] be a manic uv- 
polynomial and let P G R be a prime ideal, Then f(x) is a uv-polynomial for the local 
ring Rp. 
Proof. Suppose that f(x) is not uv for the ring Rp. Let F(x) E R/P[x] be the 
reduction of f(x) modulo P and let K be the field of fractions of R/P. It is easily 
seen that F(x) does not have a root in R/P, but does have a root in K. Since F(x) is 
manic, this implies that R/P is not integrally closed. However, since R is Prtifer, it is 
easily seen that R/P is either Priifer or is a field, and hence is integrally closed. Thus, 
f(x) must be uu for the ring Rp. 
Now we focus on the structure of individual valuation domains with a particular 
manic uv-polynomial. We begin with a result which appeared in [6, Proposition 1.12 
and Corollary 1.151, and then obtain several results concerning valuation domains as 
corollaries. 
Proposition 2.2. Let R be a non-D-ring with a, p E R\(O). Also, let M be a maximal 
ideal of R, and let f(x) E R[ x] be a manic uv-polynomialfor R of degree n 1 2. Then 
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/3”f(z) E M ifand only ifa,p E M. 0 
Corollary 2.3. Let D be a valuation domain with field of fractions K and maximal 
ideal M. Let v be the corresponding valuation on K. Also, let f(x) E D [ x] be a manic 
uv-polynomial for D of degree n L 2, and let a, p be nonzero elements of D. Then 
u(P"f(~>> =min{~(P">,u(d)}. 
Proof. Suppose first that v(a) 2 v(p). Then z E D and so f(g) is a unit in D. 
Thenv(f(g)) =Oandsov(jYf(~)) =v(p). Nowsupposethatv(P) >v(a).Then 
E E M. Then we know by Proposition 2.2 that (f)“f (&) E D - M since 1 @ M. 
Hence, o( (t)“f (&)) = 0. Since 
c( 
(II 
P’f(%) =+,“/c+),l, 
n 
it follows that v(pf(z)) = ~(a”). 0 
Corollary 2.4. Let D be a valuation domain with field of fractions K and let v be the 
corresponding valuation on K. Also, let f(x) E D [ x] be a manic uv-polynomial for D 
ofdegreen>2,andletq,a2,... , a, be nonzero elements of D. Define /31 = q, and 
for 1 < i < m define pi = ain’-’ f ( -$$ ) . Then 
v(&) =min{v(cr~m-l),v(Ly~m-‘),..., “(&‘)}. 
Proof. The result follows immediately from Corollary 2.3. 0 
Now we give the promised generalization of Theorem 1.2. 
Theorem 2.5. Let R be a Prfifer non-D-ring with$eld offractions K. Let f(x) E R[x] 
be a manic uv-polynomial of degree n L 2. Also, let I be a finitely generated ideal of 
R. Then I”’ is principal for some nonnegative integer t. 
Proof. Let (a1 ) ff2, . . . , a,} be a set of generators of I. Define pi, p2,. . . , Pm as in 
Corollary 2.4. Then we claim that I”“‘“-’ is a principal ideal generated by Pm. It is clear 
from the definition of the pi’s that pi E I”‘-’ and hence &, E Znm-‘. We know that I”“‘-’ 
is generated by the set H = {q ‘I a2@ . . . amen& 1 ei 2 0 for all i and el + e2 + . . . + e, = 
n”-‘}. Let fx = ~ri~~cy2~~. . . amem E H. We want to show that g E R. It is sufficient to 
show that p E Rr for each prime ideal P C R. So, let P C_ R be a prime ideal. Since 
R is Priifer {hen RP is a valuation domain. Let up be the valuation of K associated with 
RP. Now we need to show that vp( f) > 0. However, we know from Corollary 2.4 
that 
VP(&) = min{v~(cu~m-‘),v~(cw~m-‘), . . . ,~~(a~-‘)}. 
Since er + e2 + . . . + e,,, = nm-‘, we have 
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up(a) = up(ay . . .cyz) Lmin{vp(cu; 
m--l 
),...,up(ai m-‘)) = UP(&) 
and so vp( z) 2 0. Hence, 2 E R, and so Pm generates In”-‘. 0 
Note that in the proof of Theorem 2.5 the assumption that R was Prtifer was used 
only to obtain a representation of R as an intersection of valuation domains which all 
shared the same manic uv-polynomial with R. This observation inspires the following 
corollary which provides a means for constructing Priifer non-D-rings. 
Corollary 2.6. Let T be a ring withJield offractions K. Let {Di 1 i E S} be a collection 
of valuation domains such that T C Di c K for each i E S. Also, let f(x) E T [ x] be 
a manic uv-polynomial of degree n 2 2 for Di for each i E S. Let R = n,, Di. Then R 
is a Priifer non-D-ring with f(x) serving as a manic uv-polynomial. 
Proof. First we show that f(x) is a uv-polynomial for R. Let a E R and choose 
i E S. Then (Y E Di and SO f(a) is a unit in Di. Hence, & E Di. This implies that 
& E n,, Di = R and so f(a) is a unit in R. Thus, f(x) is a uv-polynomial for R 
and so R is a non-D-ring. Now it is clear from the proof of Theorem 2.5 that if I is a 
finitely generated ideal of R then I”’ is principal for some nonnegative integer t. Hence, 
each finitely generated ideal of R is invertible, and so R is Prtifer. 0 
Suppose that R is a Priifer non-D-ring with a manic uv-polynomial. There is no 
reason to expect that there is only one manic uv-polynomial in R[ x] or that all manic 
uv-polynomials in R [ x] have the same degree. This observation inspires our next result, 
which generalizes Corollary 2.2 of [ 61. 
Corollary 2.7. Let R be a Priifer non-D-ring and let d be the GCD of the set of all 
integers which arise as degrees of manic uv-polynomials for R in R[ x] . Also, let I be 
a$nitely generated ideal of R. Then Id’ is principal for some nonnegative integer t. In 
particular, if d = 1 then R is a Bezout domain. 
Proof. Obvious. Cl 
It is well known that the prime ideals of a Priifer domain R are exactly the re- 
striction to R of the maximal ideals of the valuation domains which lie between R 
and its field of fractions. This seems to offer hope of proving some very general 
classification theorems concerning the valuations of a given field K. For example, let 
T = Z[x] and let K = Q(x). Then let C be the set consisting of all valuation do- 
mains t$ such that T 2 x 2 K and such that f(t) = t2 + 1 is a uv-polynomial 
for K. Then let R = n,,Ec V;:. From Proposition 2.1 and Corollary 2.6 we know that 
the prime ideals of R are exactly the restrictions of the maximal ideals for the valu- 
ation domains in C. (Note that if V is a valuation domain lying between Z[ x] and 
Q(x) then f(t) = t2 + 1 is uv for V if and only if f(t) = t2 + 1 does not fac- 
tor over the residue field of V.) Hence, determining the prime spectrum of R will 
K.A. Loper/Journal of Pure and Applied Algebra 96 (1994) 271-278 275 
determine the valuation domains in C. We will not pursue this line of exploration 
here. 
3. Integer valued rational functions 
As noted in the Introduction, we hope in this section to illustrate the usefulness of 
Prtifer non-D-rings. First, we need some terminology. 
Definition 3.1. Let R be a ring with field of fractions K. Then we define 
(1) F(R) = {f(n) 1 f(x) E K[x] and f(a) E R for all cy E R}, 
(2) W(R) = {z 1 $$ E K(X) and $$ E R for all (Y E R}. 
Note that F(R) is a subring of K[x] and that W(R) is a subring of K(x). 
We next define a D-ring to be any ring which is not a non-D-ring. An equivalent 
definition (see [5, Proposition 11) is the following: 
Definition 3.2. Let R be a ring with field of fractions K. We say R is a D-ring if R is 
an algebraically closed field or if whenever f(x) and g(x) are nonzero polynomials in 
R[x] such that f(a) divides g(a) for all but finitely many LY E R, then f(x) divides 
g(x) in K[x]. 
It is clear from consideration of the definitions of non-D-ring and D-ring that F(R) = 
W(R) if and only if R is a D-ring. F(R) has been well studied in recent years (see for 
example [ 1,3,4,7,8] ) and W(R) has been studied in that some results have been proven 
about F(R) using the hypothesis that R is a D-ring (see for example, [ 7, Theorem 5.91 
and [ 8, Corollary 3.91). However, the case of W(R) where R is a non-D-ring appears 
to have been considered in only one paper (see [2] ), and then only in the special 
case of R being a DVR. Henceforth, we will consider W(R) with R a non-D-ring. In 
particular, we will see that W(R) is interesting if R is a Priifer non-D-ring with a manic 
uv-polynomial. 
Theorem 3.3. Let R be a Priifer non-D-ring with f(x) E R[x] a manic uv-polynomial 
for R of degree n > 2. Also, let I be a jinitely generated ideal of W(R). Then 1”’ is 
principal for some nonnegative integer t. 
Proof. The proof is virtually identical to that of Theorem 2.5. Let 
{ 
fl (x) f2(x) fin(x) 
g1 (x) ’ g2(x) ‘. . . ’ gm(x> 1 
be a set of generators of I. Define pt (x) = s and for 1 < i 5 m define 
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Pi(X) = (E)“_‘f ( ($-p2). 
1 
g,(x) 
Choose et , e2, . . . , e, L 0 such that et + e2 + . . . + e, = n’+‘. Then it follows from 
the proof of Theorem 2.5 that 
($+>‘I (#,*. . . (S>“- E R 
Pm(r) 
for all r E R. Hence, 
(f-g)e1 . . .(f$y”’ E w(R) 
Pm(X) 
Since the set 
{(~)~‘(~)“...(M&” 1 
el,ez,..., e, 2 0 and et + e2 + +. . + e, = nm-’ 
> 
generates I”““-‘, we can see that I”“‘-’ is generated by Pm(x). Cl 
Corollary 3.4. Let R be a Priifer non-D-ring with f(x) E R[ x] a manic uv-polynomial. 
Then W(R) is a Priifer domain. 
Proof. It follows immediately from Theorem 3.3 that every finitely generated ideal of 
W(R) is invertible. Hence, W(R) is Prtifer. 0 
The following result illustrates the strength of Corollary 3.4. 
Theorem 3.5 (see [7, Theorem 5.31). Let R be a Dedekind domain. Then F(R) is 
Priifer if and only if every residue field of R is finite. 0 
It should also be noted here that W(R) was proven to be Priifer in [2, Corollaire 7.31, 
in the special case where R is a DVR. 
Definition 3.6. Let R be a ring, let Z be an ideal of F(R) and let r E R. We define 
Z(r) = {f(r) I f(x) E Z}. W e call Z(r) the value of Z at r and note that Z(r) is an 
ideal of R. Similarly, if Z is an ideal of W(R) we define Z(r) = { $# ) $$ E I} and 
call the ideal Z(r) the value of Z at r. 
Definition 3.7. Let R be a ring. We say that F(R) (or equivalently W(R)) has the 
strong Skolem property if whenever Z and J are finitely generated ideals of F(R) (or 
equivalently W(R)) such that Z(r) = J(r) for each r E R, then Z = J. 
Proposition 3.8. Let R be a Priifer non-D-ring with f(x) E R[x] a manic uv- 
polynomial for R. Then W(R) has the strong Skolem property. 
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Proof. Suppose I and .Z are finitely generated ideals of W(R) such that Z(r) = J(r) 
for all Y E R. Let .Zt = Z + J. Then Z(r) = .Zt (r) for all r E R and I C Jt. By 
Theorem 3.3 we can find a positive integer t such that I’ and .Zi are both principal. Let 
t be such an integer and let E and E be generators of I’ and Ji respectively. Then 
Z’(r) = .Zi (r) for all r E R and so # and z differ by a unit in R for all r E R. 
Hence, except for those values of r for which # = $$$ = 0 we have a and 
$#& both in R for all Y E R. Since the set of exceptional values for r mentioned 
above is finite, it is easy to see that $i:izi:i is a unit in W(R). This tells us that 
I’ = Ji. Since Z C Jt , we must have I’ C Z.Z-’ c .Z[, and so Z.Zi-’ = .Zi. Then since Jr 
is invertible, we have Z = Jr. This implies that J C I. An identical argument shows that 
Z C .Z and so Z = J. 0 
The following result illustrates the strength of Proposition 3.8. 
Theorem 3.9 (see [7, Theorem 5.3 and Theorem 5.91). Let R be a Dedekind domain. 
Then F(R) has the strong Skolem property if and only if every residue field of R is 
jinite and R is a D-ring. 0 
We have been studying the ring W(R) in the case where R is a non-D-ring. It seems 
worthwhile at this point to inquire as to whether W(R) itself is a D-ring or a non-D-ring 
for various choices of R. 
Proposition 3.10. Let R be a ring. Then W(R) is a non-D-ring if and only if R is a 
non-D-ring. 
Proof. First assume that R is a non-D-ring. Let f(t) E R[ t] be a uv-polynomial for 
R. We claim that f(t) also serves as a uv-polynomial for W(R). To see this, let 
$$ E W(R) and consider f(z). Let r E R. Then 3 E R and so f( $$) is a 
unit in R. Hence, h E R for each r E R. This implies that & E W(R), and so 
k(r) k(I) 
f(t) E W(R) [t] is a uv-polynomial for W(R). Hence, W(R) is a non-D-ring. 
Now assume that R is a D-ring with field of fractions K. W(R) = F(R) in this 
case and R[ x] c F(R) C K[ x] by definition of F(R) . Then it is easy to see that 
any nonconstant (in t) polynomial f(t) in W(R) [t] will take nonconstant (in x) and 
hence nonunit values in W(R) = F(R). Hence, no uv-polynomial can exist for W(R), 
and so W(R) is a D-ring. 0 
Proposition 3.10, Corollary 3.4 and Proposition 2.1 seem to offer great promise of 
analyzing the prime spectrum of W(R) in the case where R is a Prtifer non-D-ring with 
a manic uv-polynomial. This idea will be explored elsewhere. 
Since we have now characterized the cases in which W(R) is a non-D-ring it seems 
worthwhile to ask how to characterize those rings R for which W(R) is both a non-D- 
ring and Prtifer. We know that this is the case if R is a Prtifer non-D-ring with a manic 
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uv-polynomial. Our next result represents a partial converse of this. 
Proposition 3.11. Suppose that R is a ring and that W(R) is a Priifer non-D-ring with 
f(t) E W(R) [t] a manic uv-polynomial. Then R is a Priifer non-D-ring. 
Proof. We know that R is a non-D-ring from Proposition 3.10. To see that R is Prtifer 
let I be a finitely generated ideal of R. Then consider the ideal J = ZW( R) of W(R) . 
By Theorem 2.5 we kr ow that J”’ is principal for some positive integer m. Choose 
any r E R. Then Jm( r) is a principal ideal of R, but clearly, Jm( r) = Zm. Hence I is 
invertible. Thus, R is PtQfer. •i 
Next, we observe that for a given ring R we have F(R) 2 W(R) . It seems reasonable 
that much can be learned about the structure of W(R) by working with what is already 
known about F(R). For example, if F(R) is Prtifer then W(R) is also Prtifer and the 
prime spectrum of W(R) can be determined from that of F(R). Also, if every finitely 
generated ideal of F(R) can be generated by two elements then the same holds true 
for W(R) . Finally, it seems interesting to attempt to characterize those rings R (if any 
exist) for which W(R) is a localization of F(R). These matters will be considered 
elsewhere. 
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